Model theory

7. Elementary substructures and extensions (correction)

Exercise 1

Claim 1.1 Let (M, L™) be an L-structure, ¢(Z) a formula and @ a tuple from M. Let us consider
the language L U b, where we have added to L a new constant symbol b; for each coordinate of a.
Consider the L U b-structure M’ = (M, LM b) (i.e. every element of L has the same interpretation as
in M, and b; is interpreted by a;). Then

M= p(a) <= M ((b). (1)

Note that ¢(z) is an L-formula, and ¢((a)) is an L U a-sentence.

!

Proof. One can show easily by induction on the complexity of an L-term t(z) that tM(a) = t((b))M
for every L-term t(Z), using the fact that f™ = fM " for every function symbol f of L. We show (1)
by induction on the complexity of . If ¢(Z) is the atomic formula r(¢1(Z), ..., t,(Z)), then

M= p@) < (t'(a),....t5' (@) e rM
= (O™, t(O)M) erM
— (tl((g))Mlv ,tn((l;))M,) E’I“M,

If (1) is proved for v and g, it clearly also holds for =11 and 1 A 1s. If ¢ is of the form Jy(y, x)
and if (1) holds for ¥, as M and M’ have the same domain, the claim holds for 3y (y, T). O

Claim 1.2 The map o : N — M is an elementary embedding if and only if M, = A.(N).
Proof. By definition, o : N — M is an elementary embedding if and only if for all ¢(z) and n € N,
N =p(n) <= M = ¢(o(n)).
Since nivid = n;, and nfv‘[" = o(ny) for all 4, by Claim 1.1,
Nk (i) (in L) <= Nig = o((7) (in LUN), and

M p(o(R)) (in L) <= M, = (@) (in LUN),

It follows that o : N — M is an elementary embedding if and only if N,q and M, have the same
L U N-theory, namely A.(N). O

Claim 1.3 If M and N are elementarily equivalent (with disjoint domains).
1. Ac(N)UA(M) is a satisfiable L U M U N-theory.

2. There is an L-structure K in which both M and N embed elementarily.



Proof. 1. Let
Yo = {e1((n)), ..., er((1), e1((M)), ..., (M)}
be a finite subsets of A.(N) U A (M) with n € N and m € M. Put

o(x) = /\ ep(®)  and  o(y) = N du(®).

So N | p(n) and M | ¢(m), hence M | Jyp(y). As Fyé(y) is an L-formula, and as M and N have
the same L-theory, one has N = Jy¢(y), so there is a tuple & in N such that N |= ¢(a). Interpreting
n; by n, m; by «; (this is possible since N and M are disjoint) and any other constant symbol of
N UM arbitrarily, N is L U M U N-structure that is a model of ¥y. By the Compactness Theorem,
A¢(N)U A (M) has a model.

2. Let (K, L™ U NK U MX) be a model of A.(N)U A.(M). Define the maps

o:N— K, nrnf and T M — K, m— mk.

The reduct K, = (K, L UN¥) is a model of A.(N), and K, = (K, L™ U M) is a model of A.(M).
By Claim 1.2, o and 7 are elementary L-embeddings. O

Exercise 2

Claim 2.1

Proof. O

Exercise 3

Claim 3.1

Proof. O

Exercise 4

Claim 4.1 1. An Lyg-formula ¢(Z) is of the form t(z) = s(z) for some L;;pq-terms s, t.

2. For any Lying-term t(z) with = (x1,...,2,), there is a polynomial P(z) in n variables with
coefficients in Z such that, for every field K and k € K,

t" (k) = P(k).
(note that if P(Z) = aq,, 2" + -+ + aq, " + a5 where a; = (a41,...,q5,) € N, a; € N
and 7% = z{"' ... 2% then by definition, P(k) = aq, k%™ + - -- + o, k™ + aglg, so P(k) is
well-defined even if K has characteristic p.)

3. In particular, an Lyj,g-formula ¢(z) is equivalent modulo the theory of fields to P(z) = 0 for
some polynomial P with coefficients in Z.

Proof. 1. By definition of an atomic formula, as = is the only relation symbol in the language.

2. Similar to Exercise 1 in Sheet 2, where this was done for the particular case of R. By induction
on c(t): if ¢ is a constant symbol ¢ € {0,1}, then P(z) = c. If ¢ is a variable x;, then P(z) = ;. If ¢
is of the form #; * to with x € {4, x,—}, tf = P; and t5 = P, then t* = P| x P, hence P = P x Py,
which is in Z[z] since Z[z] is a ring.

3. For any field K, any k € K™ and P, Q in Z[z], one has P(k) = Q(k) < (P—-Q)(k)=0. O



Claim 4.2 Let M and N be two algebraically closed fields, @ in M and b in N two n-tuples such that
for any atomic Ly,g-formula ¢(z), one has

M p(a) <= N [ ¢(b). (2)
Then (2) holds for any L;,g-formula ¢(z).

Proof. By induction on the complexity of . It holds for atomic formulas by assumption, and obviously
holds for = and ¢ A1 as soon as it holds for ¢ and ¥. Assume that M = Jyip(y,a). Then there is «
in M such that M | ¢ («,a). Let K be the prime field of M (i.e. Q or Z/pZ), and K(a) the subfield
of M generated by a. Note that K is also the prime field of N by (2). If « is algebraic over K(a),
let P; be its minimal polynomial:

_ So(@) + S1(@)a + - + Sa(@)a"

P;(x) 5@ for Soy ..., S, € Z]z].
Let P; be the polynomial So(b) + S (b)x i + Sn(b) with coefficients S;(b) in N obtained replac-
' Sn(b)

ing @ by b (note that P is uniquely defined: if S(a) = T'(a) for some S, T in K (z), then S(b) = T(b)
holds by (2)). As N is algebraically closed, there is a root 8 of P; in N. If Q(c,a) = 0 for some
polynomial @) € Z[y, Z], then « is a root of the one variable polynomial Q(y,a), so Q(y,a) = Rg - P
for some one variable polynomial Rg(y) with coefficients in K (a). One has

To(a) + Ti(a)y + - -+ Tn(a)y™
T(a)

Q(y7 &) = QO(EL) + Ql(&)y ot Qerm(a)ym for some QO) ce Qn+m € Z[j]
As equality of two polynomials is given by equality of their coefficients, one has
Q(y,a) = Ra- P; <= Qi(a)-T(a)- Sn(a)=>_
By (2), one must also have
Qi(b) - T (D) - S, (b) = Zpﬂ:i T,(b)Qq(b) for all 0 < i < n+m,

hence the decomposition Q(y,b) = R; - P; in K(b)(y), so that we have Q(3,b) = 0. By a sym-
metry argument, this shows that (o, @) and (j3,b) are roots of the same polynomials with coeffi-

Ra(y) = for some T, Ty, ..., Ty, € Z[z], and

stoms Tp(@)Qq (@) for all 0 < i < nt-m.

cients in Z, hence satisfy the same atomic formulas by Claim 4.1. By induction hypothesis, one has
M E ¢(a,a) <= N = (B,b). This shows that N = 3 (y,b). The converse implication holds
by symmetry of the assumptions. If « is transcendental over K(a), let N; be an uncountable

elementary extension of N. As the subsets of N7 of elements that are algebraic over K (b) is countable,
there exists an element 3 in Ny that is transcendental over K (b). If Q(a, @) = 0 for some polynomial
@ with coefficients in Z, then Q(z,a) must be the zero polynomial, hence Q(x,b) is also zero by (2),
so Q(B,b) = 0. By a symmetric argument, this shows that (o, a) and (3,b) are roots of the same
polynomials with coefficients in Z, hence satisfy the same atomic formulas by Claim 4.1. By induction
hypothesis (applied to M and Ni), one has Ny = ¢(3,b), so Ny |= 3y (y, b) hence N = Jyi(y, b) (as

N < Nyp). O
Claim 4.3 ACF is model complete.

Proof. Let N, M be two algebraically closed field with N Cp,
be a tuple in N. For every atomic L;,g-formula (), one has

N (@) < M = ().
By Claim 4.2, one also has N |= ¢(a) <= M = ¢(a) for every Lying-formula o(z) andso N < M. [

M (i.e. N is a subring of M). Let a

ring



